
1712 Technical Notes

REFERE1"\CES

1. A. Okubo, Diffusion alld Ecological Problems:
M athematical Models, pp. 166-168. Spr inger, Berlin (1980).

2. P. Frank und R. v, Mises, Die Differential- ulld
lnteqralqleichunqen der Mechanik IIl1d Physik, p. 578.
Vieweg, Braunschweig (1935).

3. J. Unnam and D. R. Tenney, Effect of zone size on the
convergence of exact solutions for diffusion in single phase

Int. J. Heat Mass Trans/cr. Vol. 26. No. II . pp. 1712-17IS. 1983
Printed in Great Britain

systems with planar, cylindrical or spherical geometry,
Metall. Trails. A. 12A, 1369-1372 (1981).

4. M. Sato, Presentation of a new formulation of negentropy
(1st Report, Basic concepts). Bull. J .S.M.E. 25, 599-605
(1982).

5. M. Sato, Presentation of a new formulation of negentropy
(2nd Report, Description of work by negentropy), Bull.
J.S .M.E.25, 1551-1558 (1982).

0017-9310;83 SlOO+0.00
© 1983 Pergam on Press Ltd.

AN APPROXIMATE ANALYTICAL SOLUTION TO THE FREEZING
PROBLEM SUBJECT TO CONVECTIVE COOLING AND WITH

ARBITRARY INITIAL LIQUID TEMPERATURES

A. M. C. CHAN

Mechanical Research Department, Ontario Hydro, 800 Kipling Avenue,
Toronto M8Z 5S4, Canada

P. S~IEREKA
Department of Physics, University of Waterloo, Waterloo, Ontario

and

M. SHOUKRI

Mechanical Research Department, Ontario Hydro, 800 Kipling Avenue.
Toronto M8Z 5S4, Canada

1"\O:\IE1"\CLATURE

c heat capacity
11 heat transfer coefficient
k thermal conductivity
L latent heat of fusion
Ste Stefan number, C,(Tm - Ta)/L
Ste' modified Stefan number, Cr<To- Tm)/ I,
t time
T temperature
V parametric variable
y space coordinate
Y dimensionless distance, hyjk,

Greek symbols
a thermal difTusivity
t: solid thickness
II dimensionless solid thickness. heik,
o dimensionless temperature, (T - Tm)/(To- Tm )

p density
r dimensionless time, a,h2t/k;

Subscripts
a ambient
f liquid phase
m freezing
o initial

solid phase
surface

I. I;-''TRODUCTIO~

THEO;-';E'DI~IESSIO~AL moving boundary problems associated
with freezing and melting have always been of great interest to
engineers and scientists. The problem has wide application,
e.g. in freezing and melting of lake ice, cooling oflarge masses

of igneous rock, solidification of castings and purification of
materials.

The problem is characterized by the existence of a moving
boundary resulting from phase change. Analytical solutions
are possible only for a few special classes of boundary and
initial conditions, for example, Stefan or Neumann's problems
[1]. For other more complicated boundary conditions,
different assumptions have to be used. Series solutions have
been attempted [2-5]. More recently, Foss [6] presented a
simple approximate solution to an important class of moving
boundary problems; the freezing and melting of lake ice. A
convective boundary was applied to the air-ice interface. The
solution compared closely with Westphal's more accurate
series solution [5]. However, the initial water temperature in
both cases was assumed to be at the fusion temperature, thus,
ignoring conduction in the liquid phase. This limits the
usefulness of the solutions in many practical applications.

This paper pre sents an approximate analytical solution to
the moving boundary problem associated with the freezing of
a semi-infinite phase-change medium due to convective
cooling in the fixed boundary and with an initial temperature
which can be higher than the fusion temperature.

2. STATEME1"\T OF TilE PROBLEM

The problem considers a semi-infinite body of phase change
medium extending from y = 0 to co. The initial temperature of
the liquid (To) is assumed to be uniform and higher than the
fusion temperature (T..J. Convective cooling is applied to the
fixed boundary (y = 0) at I ;;. 0 with a constant heat transfer

. coefficient (h) and a constant sub-freezing ambient
temperature (Ta) (Fig. 1).The problem can be divided into two:
before and after freezing at the free surface.

'Before freezing (I < ' m). the problem is relatively simple and
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(9)

3. SOLUTION

ar. Tm-T.
oy £(1) +kJh .

(2) With the formation of a solid layer at the surface, the
boundary condition for the liquid body changes from
convective at y = 0 to isothermal (T = Tm ) at y = £(1). If the
interface is stationary and the liquid is at a uniform initial
temperature, an analytical solution exists [I]. The
temperature gradient at the interface is given by

The approximations are with regard to the temperature
distributions in the two phases:

(1) When the movement oftheinterfaceis slow, which is true
in most cases. quasi-steady-state heat conduction in the solid
phase can be assumed. The temperature distribution in the
solid phase is thus linear accordingly. The rate of heat
conduction into the solid phase at the interface becomes

FIG. 1. System geometry.

can be complicated [4]. However, by making some physically
realistic assumptions. a simple approximate solution can be
obtained. This is detailed in the next section.

an analytical solution is available [7]

1((y,l) - To _ I f(y2/4 )112- -er 7 rlT.-To

_[exp(hY+h2arl)J
k, kj

x {1-erf(y2/47rl)1/2+[{h2arl/kj)1/2]}. (I)

The problem becomes more complicated after a solid layer
forms at the surface because of the existence of two phases
(solid and liquid), a fixed and a moving boundary. There are
two transient heat conduction equations, one for each of the
two phases

(10)

(13)

To-Tm
h(Tm - T.) = kr 1/2' (II)

(n:7r l*)

Equation (1I)ensures the continuity ofthe liquid temperature
gradient at the surface at time of freezing when different
solutions are used. Temperature distributions, however, are
not necessarily the same, although they turn out to be quite
close in the cases considered. This will be discussed later.

Solving for 1*, we have

01( = To-Tm
oy (n:7r(I-lmllI/2 .

Since the fluid has been cooled by convection before freezing
occurs at the surface, its temperature distribution at time of
freezing may be approximated by assuming the fluid had
always been cooled with an isothermal boundary at the fusion
temperature for a different length of time. say 1*.This time can
be found by equating the temperature gradient governed by
the convective boundary at 1m to the gradient obtained using
an isothermal boundary, i.e.

I (kc)2(To - Tm)2
1*=n:7

c
h Tm-T.· (12)

Substituting equations(9)and (10)into equation (6)and taking
t* into account, we have

06 k Tm- T. To-Tmp L - = . - k ----=-----"'-,-::-:-=
s 01 '£(1)+kJh c[1t7r(I - lm+t*)] 1/2 •

(2)

(3)

(4)

and

01( a21(

- = ar-- £(1) ~ Y ~ 00.a, oy2 '
The boundary conditions are:

(i) at the fixed boundary (y = 0)

or.
k, oy = h(1(-r.)

(14)

(15)

with

This is the equation which governs the rate of freezing for

I> ' m,
Introducing the following dimensionless variables :

It (h)211 = -6 and T = - arl.
k; k,

Equation (13) can be written in a non-dimensional form

0'1 (as) Sle (pc) Sle'
aT = -;;; 1/+ 1 - Po [n(t-tm+t*)]1/2

(5)

(6)

and

(ii) at the moving boundary [y = £(1)]

06 et; 01(
pL-=k--kc-

s 01 Soy oy'

Equation (6)gives the rate offreezing and is determined by the
difference between the rate of heat conduction into the solid
phase and the rate of heat conduction from the liquid phase at
the interface.

The initial conditions are

(7)

and

(16)

(8)

where 1((y, tm) is given by equation (1).
To solve the set of equations [equations (2)-(6)] analytically

The solution to equation (IS) in parametric form is [8]

11 = V{t* exp[I(V,J-I(V)W/2- I.

r =t*{exp [I(Vm)-I(Vl]-I} +tm

(17a)

(17b)
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where

(18)

and

(19)

4. DISCUSSIO:-;

The most important approximation used in the present
derivation is the assumption that the liqu id temperature
distribution governed byconvectivecooling at time offreezing
can be replaced by the temperature profile obtained using an
isothermal boundary at t = t·. t· is obtained such that the
liquid temperature gradient at the surface remains the same.
Thus, the initial rate of solidification will not be affected. To
examine the validity of the assumption used, the two liquid
temperature profiles are compared. This is shown in Fig. 2 for
Ste' = 0.05012 and Ste = 0.01253 and 0.1253. For water, this
corresponds to To = 4°C and To = -2°C and -20°C,
respectively. The actual or convectively cooled profiles are
obtained from equation (1) with t = tm• The isothermally
cooled profile s are given by [1]

1(y,t·)-Tm f y
To- T

m
= er 2(~ft.) 1/2 • (20)

It can be seen that the corresponding temperature profiles
compare very well with each other. Thus, the use of the profile
obtained using an isothermal boundary at t· to replace the
actual temperature profile at tm is indeed a good
approximation and its effect on surface freezing rate is
expected to be small in general.

Typical results obtained by using the present approximate
solution [i.e. equation (17)] are pioiled in Fig. 3 for Ste'
= 0.05012. Four Stefan numbers, Ste = 0.01253, 0.031325,
0.06265 and 0.1253, are used. This corresponds to To = - 2°C,
- 5°C, - lOoCand - 20°C respectively for water.The freezing
times(r"J for the curves were obtained using equation (I) with
1(y = 0) = Tm and y = O.

As expected, the results show tha t the freezing ra te increases
rapidly as Ste increases, i.e, with lower ambient temperatures.
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Physically, the Stefan number is the ratio of the driving force
for freezing and the resistance to freezing. Thus, higher Stefan
numbers result in faster rates of freezing.

Also shown in Fig . 3 are results obtained numerically. The
numerical results were obtained using as many as 160 grid
points for accuracy. Details of the numerical procedure can be
found elsewhere [8]. It can be seen that the analytical and
numerical results compare very well, especially for higher
Stefan numbers. For lower Stefan numbers, the analytical
solution predicts freezing rates slightly lower than the
numerical solution.

It should also be noted that: (i) the approximate solution
obtained [equation (17)] is in dimensionless form. Therefore,
the results shown in Fig. 3 are applicable for different phase
change media and under different sets of boundary and initial
conditions; (ii) for the special case with To --> Tm, the present
solution reduces identically to Foss's solution [8].
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I. INTRODUITION

INVERTED annular film boiling is an important stage in the
reflooding phase of a loss-of-coolant accident (LOCA) in light
water reactors. Heat transfer coefficients for inverted annular
now of water in a single vertical tube have been measured in .
steady-state experiments [I] and for more realistic now
conditions [2-4]. Seban et al. [5] and Edelman [4] have
examined the experimental results in the region immediately
downstream of the quench front for cases in which the water in

this region was subcooled or had a very low quality and
suggested that existing models for film boiling are inadequate
for the specification of the heat transfer coefficient.
Unfortunately models based on laminar [6] or turbulent [7]
vapour boundary layers underpredict both the heat transfer
coefficient and the vapour film thickness in the inverted
annular region, as they neglect the vapour inlet velocity at the
quench front, assuming that all the vapour is generated at the
liquid interphase which is considered to be saturated. A




